A new joint detection method based on sphere packing lattice decoding is presented. The algorithm is suitable for both synchronous and asynchronous multiple access CDMA-DSSS systems, and it may jointly detect up to 32 users with a reasonable complexity. The detection complexity is independent of the modulation size and large M-PAM or M-QAM constellations can be used. Further, a theoretical gain analysis is performed where the multiple access system's performance is derived from the lattice parameters.
Introduction
A new low complexity joint detection algorithm for direct sequence multiple access systems is proposed. The algorithm is optimal (Maximum Likelihood) for synchronous CDMA systems. The receiver models the despreading output as a multidimensional lattice point (sphere packing) corrupted by noise and applies a lattice decoding algorithm to jointly detect all users. In the asynchronous case, the lattice decoder is combined with an interference canceler and its performance is still excellent despite its sub-optimality.
The paper is organized as follows : Section 2 describes the synchronous multiple access transmitter structure and shows its lattice representation. Section 3 explains the Sphere Decoding algorithm, which is a low complexity ML decoder for lattice constellations. Then, Sphere Decoding is applied to ML detection of a synchronous DS-SSMA system in section 4. Section 5 presents the combination of Sphere Decoding and interference cancellation for the joint demodulation of an asynchronous DS-SSMA system. In section 6, we derive an analytical approximation for the system gain by determining the lattice parameters. Simulation results for synchronous and asynchronous systems on AWGN channel are presented in section 7 and compared with those of multistage successive interference cancellation (SIC) 1] 2] and Viterbi based algorithm (Verd u joint detector 3]). The conclusions are nally drawn in Section 8. 
We assume that the channel is an ideal additive white Gaussian noise channel. Let r t = S t + t be the received signal and t a real Gaussian noise with zero mean and variance N 0 . A su cient statistic for ML detection of b(i) is y(i) = (y 1 (i); : : :; y K (i)), where y k (i) is the matched lter output of user k :
The cross-correlation coe cients of the noise vector n(i) = (n 1 (i); : : :; n K (i)) are In the new coordinate system de ned by , the sphere of squared radius C centered at y is transformed into an ellipsoid centered at the origin : 
q ji j 7 7 7 7 7 5 (7) where q ii = a 2
ii for i = 1; : : : ; K and q ij = a ij =a ii for j = 1; : : : ; K, i = j + 1; : : : ; K. dxe is the ceil function and bxc is the oor function. The lower and upper bounds in (7) tell us that the Sphere Decoder has K internal counters, i.e. one counter per dimension. We thus enumerate all values of vector b for which the corresponding lattice point x = bG is within the squared distance C from the received point. Lattice points outside the given sphere are never tested. Consequently, the decoding complexity does not depend on the size jAj K of the lattice constellation. Furthermore, the search inside the sphere can be dramatically accelerated by updating the radius p C with the latest Euclidean norm kwk. Finally, we select the best point x as the one associated to the minimal norm kwk.
The search radius p C must be properly chosen. Indeed, the number of lattice points lying inside the decoding sphere increases with C. Therefore, a large value of C slows down the algorithm, whereas the search sphere may be empty if C is too small. In order to be sure that at least one lattice point is found by the Sphere Decoder, the search radius has to be greater than the lattice covering radius, e.g. select a radius value equal to the Rogers
where V K is the volume of a sphere of radius 1 in the real space IR K . 4 Decoding of a synchronous multiple access system
The additive noise samples included in the system model of equation (3) are correlated. This correlation is caused by the non-zero cross-correlation between the di erent users signatures, see equation (2) . The ML lattice decoder must minimize the following metric
The Sphere Decoder equations can be easily adapted to the optimization described above. This is equivalent to ML decoding of a lattice 0 with a generator matrix M in the presence of a colored noise n(i). Nevertheless, we prefer to whiten the noise at the output of the matched lter bank in order to use the same decoding procedure given in the previous section. Note that all studies of lattice sphere packing performance have been done in the additive white Gaussian noise case. The noise whitening will also help us to simplify the analytical study of the lattice parameters impact on the CDMA system error rate presented in section 6. 5 Sphere Decoding with interference cancellation for asynchronous multiuser systems
Let us now consider an asynchronous multiuser system where user k has a delay k with 0 1 2 : : : K < T. As shown in Figure 3 , each symbol of a given user interferes with one or two symbols from other users. The latter symbols interfere also with other symbols and it is impossible to de ne a nite dimensional lattice to describe the system as we did in section 2. To solve this problem we combine the lattice decoder with a subtractive interference canceler. The detection of symbol b k (i) takes into account its entire despreading, the partial despreading of future symbols of other users and the partial correlations with past symbols of other users. !` j`bf`+ n j for j > k (11)
Equations (11) can be simply written in matrix form :
where R f = ij ], n is an additive Gaussian noise with covariance matrix N 0 R f and R p = 2 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 4 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 5 There exist K di erent pairs of matrices R p and R f , each one for the detection of one user. Symbols included in b p are already detected, so we can subtract the past interference b p D ! R p from the observation y f to obtain a new observation z f delivered to the lattice decoder,
The above vector z f is a lattice point corrupted with colored noise. Hence, we can apply results of section 4 to detect b k (i) using a Sphere Decoder in the K-dimensional real space. Note that K lattice-decoding steps are needed to demodulate the K users at a given time i whereas one decoding step su ces to jointly decode all users in the synchronous system.
Analytical Performance derived from the Lattice Parameters
We now compute an analytical bound for the system gain by studying the structure of the embedded lattice constellation. For simplicity reasons, it is assumed that all users are synchronous and that the multiple access medium is an ideal AWGN channel. The point error probability P e of a cubic constellation S is approximated 
Now, let us study the simple case of a synchronous K = 2 users system. We assume that user 1 has unit amplitude and user 2 has amplitude ! 1. The CDMA system performance is compared to that of a reference system de ned by a constellation S o . This reference constellation is cubic shaped and corresponds to the ideal case of 2 orthogonal signatures ( = 0, d 2 Emin = 1), we have
Finally, the total gain 0 (S) of the CDMA system is de ned as the ratio of (S) to (S o ), 
From equation (16) and (17), we get a simple expression for the total gain of the multiple access system 0 (S) = d 2
Consequently, as long as d 2 = 1, there is no global performance loss in our system. In other words, the joint detection shows a zero loss in performance for small and medium values of the correlation coe cient. The theoretical gain in (18), expressed in decibels and illustrated versus , will be compared to the e ective gain measured by computer simulation in the next section.
Simulation results
The Sphere Decoding algorithm has been applied to jointly detect 4 users in a Direct Sequence SSMA system. The signatures are Gold sequences with period 7. The rst user has a xed transmit power. Users 2, 3 & 4 have equal transmit power and we do vary their signal-to-noise ratio to observe the Near-Far e ect on the rst user. The results are compared with those of a SIC detector with hard cancellation during 3 iterations. We rst consider a synchronous transmission with BPSK modulation on a Gaussian channel. Figure 4 shows the ML performance of the Sphere Decoder. It is very Near-Far resistant compared to the SIC detector. The performance of di erent users are similar contrary to those of SIC which depend on the cross-correlation values. For user 4, we observe a 5.5 dB gain for the Sphere Decoder over the SIC detector. In Figure 5 , with a 16-PAM modulation, the Sphere Decoder maintains its performance for a similar complexity while the SIC detector is out of functioning. An exhaustive ML detector would have to compute 16 4 = 65536 metrics to detect each point ! Let us now consider an asynchronous multiple access system. The time delays are 0, 2, 4 and 6 chips. In Figure 6 , we note a degradation due to the algorithm combining Sphere Decoding and interference cancellation. The loss is 5.5 dB for user 2 when compared to the ML Verd u algorithm. The SNR loss is even greater for the SIC canceler. This phenomenon is more acute with a 4-PAM modulation as illustrated in Figure 7 . Our detector has 7 dB loss (user 2) in comparison to single user 4-PAM while the pure SIC detector is still out of work. Finally, we drew the theoretical global gain given by (18) in section 6 for 2 users with a signal-to-noise ratio di erence equal to SNR = 0; 3 dB. This gain is compared with the one derived from computer simulations. As predicted by Information Theory, the bigger SNR is, the higher the gain is ! In fact, the strongest user has a negligible e ect on the global bit error rate. Thus, the global gain is roughly related to the weakest user. The latter is less sensitive to cross-correlation variations since its error rate is higher. 
